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1 Introduction

It is well-known that a logistic regression model aims at finding how
a response variable Y is influenced by a set of explanatory variables
{z1,...,2p} when Y is either binary with values 0 and 1 or a proportion
of values between 0 and 1. A logistic regression model consists of three
components (McCullagh and Nelder (1989)):

1. A random component Y that is either binary with values 0 and 1
or a proportion with values between 0 and 1. In the latter case,
Y = Z/m where Z is assumed to have a binomial distribution
B(m, ) with the probability of “success” m and the number of
independent “experiments” m. We have binary data if m = 1.

2. A systematic component (linear predictor) n = «'(3, where © =
(x1,...,2p)" and B is the unknown p-vector parameter of interest.

3. A function m = h(n) = €"/(1+ ") that relates the expectation m of
Y with the linear predictor n. The inverse function g(m) of h(n) is

named the logistic link function, where g(m) dof log(w/(1—m)) =n.
Logistic regression has been one of the most frequently used techniques

in applications. Yet at times either the logistic curve does not describe
the probability of success 7(x) adequately, or m is larger than 1 and Y
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is more variable than the binomial distribution allows, which is termed
over-dispersion in the literature. Over-dispersion relative to binomial
distribution is possible if the m trials in a set are positively correlated,
or an important covariate is omitted. A simple way to accommodate de-
partures from a single logit link and over-dispersion is to introduce the
logistic regression clustering model. Examples on the fitting of mixtures
of logistic regression to biological and marketing data may be found in
Farewell and Sprott (1988), Follmann and Lamber (1989, 1991), and
Wedel and DeSarbo (1995), etc.

This paper studies the problem of estimating the number of clus-
ters in the context of logistic regression clustering. The classification
likelihood approach is employed to tackle this problem. An informa-
tion theoretic criterion for selecting the number of logistic curves is
proposed in the sequel and then its asymptotic property is considered.

The paper is arranged as follows: In Section 2, some notations are
given and an information theoretic criterion is proposed for estimating
the number of clusters. In Section 3, the small sample performance of
the proposed criterion is studied by Monte Carlo simulation. In Sec-
tion 4, the asymptotic property of the criterion proposed in Section
2 is investigated. Some lemmas needed in Section 4 are given in the
appendix.

2 Notation and Preliminaries

Assume that we have n objects O™ = {1,2,...,n} with the associ-
ated data points (x1,v1), - ., (€n,yn), Where iU; = (xj1,...,zjp) €ERP
is a fixed explanatory p-vector and y; € R is a random dependent
variable. The hidden true distributions of yi,...,¥y, are the binomial
distributions B(m1,mo1), ..., B(my, Ton). The set of these n objects is
a random sample coming from a structured population. Suppose that
this population is composed of ky sub-populations, each of which has
a distinct underlying linear predictor between the response variable

and the explanatory variables. Then, there exists a hidden true par-
tition of these n objects ]Y,E,Z) = {Ogn), - .,O,(CZ)}, and each cluster

(’)En) 2 (i1, .. i,y € O™ is characterized by a class-specific linear
predictor
o _ 04,04 . (n)
nj.0, = Tjo.Poi  Nj0; =1og (1—7rom> je0;, (1)

where x; 0, and mg; 0, are just relabeled x; and mo; which indicate
that the associated object is the j-th object in the i-th cluster (’)gn)
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(t=1,...,ko). We will use this double-index notation throughout this
paper. Let By, € RP, i = 1,..., ko, be kp unknown class-specific true
parameter vectors, which are assumed to be pairwise distinct. For con-

venience, we have suppressed the n in (’)En) in (1).

However the true partition Iy, and the associated model (1) are
not observable. Hence, based on the observed data values (x;,y;),j =
1,...,n, we need to estimate the number of clusters first, and then the
model (1).

Consider any possible partition of these n objects: I ,gn) =
{C%n), e ,C,gn)}, where k£ < K is a positive integer. Then under the
clusterwise logistic regression model, the log-likelihood function for the
k parameter vectors 3, is

1(B1, -+ BylYn, Xn)

k
m 1,Cs
=>_ > flog ( ’ ) +mjc.yjc. log T,

s=1 jecs mjvcs yj7cs
+mjc, (1 —yjc,)log(l — i)}

k . k
=> ") log ( s ) =D &micsyic. mic,)

s=1jeCs "M.Cs YiCs 5= 1]663
k
m;c
J,Ls
:Zzlog( - ) sz (. B)s yjcoomic,);
s=1jeCs M3.Cs Y3.Cs s=1J€Cs
Whel”e Yn == (y17-.-7yn)/7 Xn = ($17m27-.- ,mn)/' Aga’ln yj7CS’ mj’cs7
mjc, and mjc, are just relabeled y;, x;, 7; and m; (j = 1,...,n) to

indicate the cluster to which the associated object belongs, and

(m;y,m) = —mylogm —m(l — y)log(l — ).

Note that by convention £(0;y,m) = £(1;y,m) = 0. The clusterwise

maximum likelihood estimator (MLE) Bs based on the partition I7 ,in)
is defined to be

B, = argmax (8|, X,)
B,
—argmme JCS $)iYicomjc.), s=1,....k.
S J€Cs

We then propose an information theoretic criterion for determining the
number of clusters and subsequently classifying the data as follows:
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Let ¢(k) be a strictly increasing function of k, and A,, be a sequence of
constants. We define

k
n)y def [
Da(IL") € 3TN (@0, By vien mic,) + alk) A, (2)
s=1 j€Cs

and define %n, the estimate of kg, to satisfy the equation

=N . . (n)
D, (kn) = lgélgnM ?Iglg D, (I1.7). (3)

It is named Criterion LG-C, which stands for clustering by logistic re-
gression in this paper. It can be seen that in (2), the first term is
basically the negative maximum log-likelihood; the second term is the
penalty term measuring the complexity of the underlying model. In
addition, Criterion LG-C in (3) shows that we determine the optimal
number of clusters and the corresponding partitioning of the data si-
multaneously.

3 Monte Carlo Simulation

We constructed three models in the simulation study: the two-cluster
case; the three-cluster case with only one covariate; and the three-
cluster case with two covariates. The parameter values used to build
these models are listed in Table 1. We generate the covariates as follows:
for the first two cases, the covariate z is generated from N (0, 1), and the
two covariates x1,xo in case 3 are generated from a bivariate Normal
distribution with the mean of 0, variance of 1 and the covariance being
0.3.

In this simulation study, q(k) = 3k(p + 3), where p is the number
of regression coefficients in the model and is a constant in our study;
k is the unknown number of clusters that we are seeking, and, A, =
AP i =1,2,3,4, where AY = (1/)\)((logn)) — 1, with A; = 1.5, Ay =
1.8, )\3 =2 and )\4 = 2.3.

For reducing the exhaustive computation needed by Criterion LG-
C, we adopt the approach used in Shao and Wu (2005) here. The only
change is that we fit a logistic regression other than a regression model
within each cluster in every iteration. Then, we first do logistic regres-
sion clustering for each k (the choice of k being the same as the previous
studies), and subsequently select the best k using Criterion LG-C. We
run the simulation for each model 500 times and obtain the relative fre-
quencies of selecting every k out of these 500 repetitions. The results
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Table 1. Parameter values used in the simulation study of logistic regression

clustering
Case|kg|Regression coefficients Number of
observations
1 ]2 ﬁm:(é)a ﬁ02:<_16) ny = 70,
ng = 50
ny = 35,
2 3501:<_11>7 /@02:<_j>7 ,603=< 11> ng = 35,
nz = 50
ny = 35,
1 —2 -1
3 131Boun=|-1|s Boa=| 1|, Boz=| 1 ng = 35,
1 _1 1
2 2 2
n3 = 50

are summarized in Table 2. It can be seen that Criterion LG-C does
nearly perfect a job to detect the underlying number of groups for the
models considered in this simulation study.

Table 2. Relative frequencies of selecting k based on 500 simulations of lo-
gistic regression clustering

Case

B1C2 (ko = 2)

BI1C3 (ko = 3)

B2C3 (ko = 3)

Model

A AR AR AR

A AR A AR

AP AP AP AW

k=1
k=2
k=3
k=4
k=5

0.000 0.000 0.000 0.000
1.000 1.000 1.000 1.000
0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.012
1.000 1.000 1.000 0.988
0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.006
1.000 1.000 1.000 0.994
0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000
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4 Asymptotic Property of Criterion LG-C

Denote the eigenvalues of a symmetric matrix B of order p by A;(B) >

. > Mp(B). Let O = {{1,...,4y,} be any cluster or a subset of a
cluster corresponding to the true partition I Igg) of O™ and ny = |Op|.
Let Xy, = (®4,0,, - - » mgnp(f)e), be the design matrix in Op. The Fisher
information for the parameter B, is defined as

T (Bo) = B2
9B0e0Bue
= X;LEMWMMXnev
where
My, = diag(my, 0, - - -, me,,,0,)
Mz, = diag{moe,,0,(1 — T0ey,0,), - - - » T0t,,0, (1 — T04,,,0,) }-

The following assumptions are needed in the discussion on the as-
ymptotic property of the criterion (3).

(A) For the true partition H,g:) = {(’)gn), ce O,iz)}, let ng; = |O;| be
(n)

the number of objects in the cluster O; . Then there exists a fixed

constant ag > 0 such that
aon <ng; <n, Vi=1,...,ko. (4)

(X1) limypy—o0 Ac{Zn, (Boe) } = 00, ¢ =1,...,p. Also, there exists some
constant a; > 0 such that 0 < \p{Zp,(Bor)} < a1 M{Zn,(Bor)}-
1

2
(X2) Let 05, = <§g%fma2y0em§,0e1w (ﬁoe)_lmj,0g> , then

81, (108108 Ap{Zny (Boe)})? = o(1).

(X3) agng < M\p{Z,,(Boe)} < asng holds for some positive constants as
and ag.

(X4) agng < MX),, My, Xn,} < asng holds for some positive constants
a4 and as.

(X5) Let dg = %minlgiiﬁgko |,@0Z — ,@05|. Also let

Qn, = diag{v1,...,vp,},

where v; = mgi’oee_donmei’oéHﬂ'ogh@e(l—71'0@1,’(9@), t=1,...,np. Then
there exists a constant ag > 0 such that AI{XTQ@QWXW} > agnyg.
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(Z) n~tA, —0, (loglogn)~tA, — oo, asn — oo.

Remark 4.1  Assumption (A) implicitly implies that the population
is comprised of kg sub-populations with proportions p1, ..., pg,, where
0< Di < 1, 1= 1, ey ]{?0, Zfilpi = 1, and ag = minlgigko Di.

Remark 4.2 Assumptions (X1)—(X5) are essentially about the behav-
iour of the explanatory variables . Roughly speaking, they mean that
most of the & observations should be finite and stay away from 0. In
fact, as observed by Qian and Field (2002), if we assume x to be a
random vector and € O; are i.i.d. observations within each cluster
O; of the true partitioning Iy, for all ¢ = 1,..., ko, then by applying
the strong law of large numbers given in Chung (2001, p. 132, Theorem
5.4.1), it is easy to show that the following assumptions are sufficient
for (X1) to (X5) to hold:

(S1) P{a't # 0} > 0 for any t # 0 in RP, which implies that E(xa’) is
positive definite.

(S2) P{h(x'By;)(1 — h(x'By;)) # |x't # 0} > 0 for any ¢ # 0 in RP,
which implies that both E(moe, (1—moe, )zx’) and E(e~ %1%m0, (1—
oo, )xx’) are positive definite, where oo, = h(x'By;), Vi =
1,.. . ko.

(S3) E|z||>T* < oo for some constant x > 0.

(S4) sup; <<y, M < 0.

Since there is no essential complexity with random x, we will treat
the observations x1,...,x, as deterministic in the sequel for ease of
notation throughout the rest of this paper.

Suppose that the assumptions (A), (X1)-(X5), (Z) hold, and that

H]gg) = {(’)gn), ey (9[(;01)} is the underlying true classification of the

n objects in @™, Observe that the true partition I7 IEZ) is a sequence
of naturally nested classifications as n increases, i.e.,

(’)Z(n) - O§n+1), i=1,..., kg, for large n.

Consider any given sequence of classifications with k& clusters
H,En) :{CYI), .. ,C](Cn)} of O™ such that

cmcelt) s=1,...k for large n,

when n increases. For simplicity, when no confusion appears, n will be
suppressed in H,i:), H,gn), (’)gn), 1 <i<ky, and Cén), 1<s<k.
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Case 1: When kg < k < K, where K < oo is a fixed constant

First we have

Dy (M) — Dn(Ilk,)

—225 ]C'BS YjCorMyjCy )

s= 1]6(,'
- Z Z g ] O; /BOz Y5,0;, M350, ) + (Q(k) - Q(kO))Anv
i=1 j€O;
where
B, =argmin »_ E(h(x)e By mic), s=1,....k ()
J€ECs
Boi = arg min Y _ E(M(x) 0,8)1¥50,,mj0,), i=1,....k. (6)
J€O;
Note that
ko k k ko
oM =Jo;=Jc =] JcC.no)
i=1 s=1 s=1i=1
Then

k
=33 Y [e(@]c.n0.B:)iwicnon micno)

s=1 i=1 jeC,NO;
&M@ 0,00,Posi); Y5,c.N04 T, C.NO: )}

ko

K
+> > > {g(h(mg,CSﬂOZ-BOsi);yj:Csﬂ(')meCsﬂOi)

s=1 i=1 jEC,NO;

—ﬁ(h(m;',csmoﬁo@'); yj,Csﬁ(’)pmj,CSﬂOi)] + (q(k) — q(ko))An,

where BOsi is the MLE of 3 defined by
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Bosi =argmin Y &((@)¢.n0,8); Ujcano, Micno,). (7)
jECsﬂOl‘

By (5) and (7), we have

> iec.no; [5 (@] 0,00,85); Yj.canoss Mj.cano;)
_g(h(x;,CSﬂOiBOSi% ijcsmoi ? mjacsmoi)] Z 0

By Assumptions (X1)-(X4), (25) in Lemma 3, (6), (7) and again the
fact that Cs N O; is a subset of the cluster O; corresponding to the true
partition I, we have

ko ko
YN [f(h(mg‘,csmoﬁom);yj,csmoi,mj,csmoi)

s=1 i=1 jeCsNO;
—&(h (] 0,0, B0i); Yj.canos Mjc.no;)] = O(loglogn),
and
ko R
Z Z [f(h(ﬁ'?;,oﬁm)’ Y5,0:5 mj,Oi) - g(h(a:;',OiﬁOi); Y5,0:> mj,Oi)
i=1 jeO;
= O(loglogn).
Using the fact that

ko

k
ST D (@ e,00,800); Vim0 Micano;)

s=11i=1 jeCsNO;

= Z > &l 0,80:); yj.0,m5,0:)5

i=1j€O;

where

E(h(® 0,B0:); ¥j,0: M5,0;)
= —My;,0,Y5,0; log T05,0; — 5,0, (1 - yj,oi) log(l - WOj,Oi)7 (8)

and E(h(Z] ¢ o,B0i): ¥jcono:: Mjc.no;) is similarly defined, we obtain
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k ko

Y Y [f(h(a’f‘;',csmoﬁom);’yj,csmoi,mj,csma)

s=1 i=1 jEC,NO;

—E(M) ¢,n0,801); Y5.can0; mj,CsﬁOi)}

ko ko
=> > > [f(h(a’},csmoﬁosi);yj,csmowmj,csmoi)

s=1 i=1 jEC:NO;
_g(h(m;‘,CSHOi /302)’ ijcsnoﬂ mjvcsmoi )]
ko R
-3 3 6@ 0,80 i mi0)
i=1 jeO0;
= &(M(@] 0,B0:): 5,0, m;,0,)]
= O(loglogn). (9)

Hence by (8), (9) and Assumption (Z) and the fact that q(k) —
q(ko) > 0, we have that for large n,

D, () — Dy(Iy,) > O(loglogn) + (q(k) — q(ko))An > 0. (10)

Case 2: When k < kg

By Lemma 1, for any partition ngn) = {Cfn), ... ,C,gn)}, there exist one

cluster in I7 ,gn) and two distinct clusters in the true partition I1 ,gg), say

C € H,gn) and 01,0, € H,ig), such that

bon < |C1NO1| <n and bon < |C1 N O] < n, (11)
where by = ag/ko > 0 is a constant.
Consider
Z g(h(wj,(ﬁﬂol )lﬁl; yj,clm(’)l ’ mj,C1ﬁ(91)
JECINO1
and N
Z g(h(mj,clﬂOQ),BI;yj,ClﬂO17mj,C1ﬁ(92)7
JECINO2

where B, is defined in (5) with s = 1. Then in view of the convexity
of £(+) and (5), (11) and the fact that By, By are two distinct true
parameter vectors, at least one of the below two inequalities hold:
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> th(xicin0,) Biivicinon micino,)
j€C1 NOq

> Z g(h(wj,clﬁ(91)/16; yj,Clﬂ(’)17mj,C1ﬂO1)7 VB : ’B - 501‘ < d0>
JECINO1
(12)

Z ‘f(h(wj,cl NO; ),:31 1 Y5,610025 15,0100 )
JEC1N0O2

> Z f(h(mj,clﬂOQ)//B; yj,CmOg,mj,CmOQ); VIB : ’ﬁ - ﬁOQ‘ S d07
JEC1NO2

where d is defined in Assumption (X5). Without loss of generality,
we assume that (12) holds. Now let us focus our discussion on the set
C1 N O first. Let n1; = |[C1 N O1]. We want to find out the order of

Zjecl NO1 f(h(wg,clmol Bl)? Y5,c1n015 5,100y )

-~ def
—&(h (] 0,70, B011): Yjcrnors Mjcinoy)| = T

as n increases to infinity, where Bon is defined in (7). For simplicity,
we will use single indices exclusively for observations in the set C; N Oy,
ie., x;, y;, m; and mo; will respectively represent x;c,no,, ¥j.cino:,
mjc,no, and mojc,no, until the equation (18).

First note that

T= Y |§h@Bu)iysmg) — §(h(@Bor)iysmy)]

JjEC1N0,

= > (6@ B)iysmy) — @) Bo )iy m)]

FjEC1NO0,

- Z [5(71(5'3}//5\'011)3%;7”]‘)—f(h(mgﬁm);yy‘vmj)}
JECINO,

def T + T5.

By Lemma 3 and (7), we have that for large n,

Ty = Z [f(h(a’;‘éon);ijmj) - f(h(m;ﬁm);yj,mj)]
J€C1N01
=loglogni; = o(n11). (13)

Now let us consider the order of T;. For any 3, define
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= > {ch(@iB)iyimy) — E(h(@Bor); viimy) } -
]€C1ﬂ(91

From the definitions of £(7;y, m) and w(u,v), it follows that

1— h(z
H(B) = Z {—mjij;(ﬁ — Bor) —mjlog 1_(jﬁ)}

/
jeCino: h(ifjﬁol)

= _ Z m;(y; — mo;)x5(8 — Bo1)

jeC1N0y

+ Z mjw(x;B, ]/601)dif 1(B) + Ha2(B). (14)

JECINO1

Let Ag = {B : ||IB — Boill < do}. Then by Lemma 3 it can be shown
that

inf Hy(8) = O(y/ni1loglogniy) inf |8 — Byl

BedAg BeoAo
= O(y/n1loglognii)  as. (15)

By (23) of Lemma 2 and Assumption (X5), we derive that

ﬁzgao H2A2)
inf = Z mje” 9(/6*'601)%(:0;,601)(1 — h(xB01))
IBE@AO JEC1NO0,

X(%ﬁ - 513;'501)2

1
Z inf (ﬂ - BOl)/Xé1m01Qn11XC1ﬂO1 (B - ﬂOl)
,868140

1 1
Z —agnil inf B - B == *d0a6n11. 16
gaom ginf 18— Borll = 5 (16)

From (14), (15) and (16) it follows that there exists a constant 7 > 0
such that for large n,

inf H(B) > mni. (17)
BedAg

By (12) and (17), we have that

Ti= Y [eth@]Br)sysmy) — E(h(@)Bor)i vy my)]
j€C1N0y

> inf H(B) > mnq;. (18)
BedAg
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Hence by combining results from (13) and (18), we have
Z [ﬁ(h(wg‘,cmoﬁﬁ; Y§,C1n01 > Mj.C1n0; )
FjEC1N0y
—§(h(w;,cm(915011)§ yj,C1ﬁ(917mj7C1ﬁ(91> > TNy. (19)

Note that Dy, (II;) — Dy (II,) can be partitioned as follows:
Dn(Il) = Dy (Ilk,)

:Zzg ]CIBS YiCor MyCy)

s=1 jeCs
ko R

- Z Z f(h(m;,ozﬂm)a Y5,0;> mj,Oi) + (Q(k) - q(k‘o))An
i=1 jeO;

= ) [ﬁ(h(iﬁ},cmol B1); Yj,cin01 Mj.cin0; )

jeC1N0y

—§(h($9,cmol /8011)5 Y5,1nO15 M5,C1NO1 )}

3 Y 60 0,80 vicnon mic.no,)

Jis J€CsNO;
_f(h(m;',csﬂ(’)i BOsi); Yj,CsnO; 5 Mj,CNO; )}
ko ko
Y)Y [f(h(ﬂf;,csnoiﬁom); Y5,CsN0; M,CoN0; )
s=1 i=1 jeC,NO;
—~€(h(@) c.r0,B0i)i yic.non mic.no)) | + (a(k) = alko)) An,

where J;s = {i,s : i =1 Jk:s = 1,...,ko;1 and s can not be 1
simultaneously} and hence Jw corresponds to all poss1ble intersection

sets of II}, and II, excluding C; N Oy; Bi, /301 and ,BOSZ are defined in
(5), (6), and (7), respectively. By (8), we obtain

Z Z Z [f(h(mg',csnoi Bs); Y5,CsN0O; s mj,CsﬂOi)
\77;3 jecsmoi
—E(M() ¢, n0,B0si); yj,csmoi,mj,csmoi)} > 0. (20)

By following the same line of argument as in proving (9), we can show
that
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k ko

Z Z Z [f(h(m},csmoﬁomﬁ Y35,CsN0O; s mj,CsﬂOi)

s=1 i=1 jeCsNO;
=M@ 0,00,80); yj,CsﬂOiamj,CsﬂOi)} = O(loglogn) = o(n).(21)

Hence in terms of (11), (19), (20) and (21) and Assumption (Z), we
obtain that for large n,

Do (IT}) — Dy(ITyy) = Thon + o(n) + (q(k) — q(ko))An > 0. (22)

Therefore combining the results from (10) in Case 1 and (22) in Case
2, we have showed that the true classification is preferable when n
increases to infinity.

Appendix

Lemma 1. Suppose that Assumption (A) holds, for any possible parti-

tion H,gn) of O™ if kk < ko, where k is the number of clusters for H,in)
(n)

and kg is the true number of clusters in O™ | there exist Cy € I, and
0;,0;, € H,gg) such that

ICs N O;| > bon  and |Cs N Oy > byn,
where by = ag/ko > 0 is a fized constant.

The proof can be found in Shao and Wu (2005).

Lemma 2. Define w(u,v) = —log(l — h(u))/(1 — h(v)) — h(v)(u — v),
where h(u) = e"/(1 + €"). Then w(u,v) is strictly convex with respect
to u. Further, we have

w(u, v) > %e‘gh(v)(l R =2 i Ju—v] < ¢ VC > 0.(23)

The proof can be found in Qian and Field (2002).

Lemma 3. Suppose that Assumptions (X1)-(X}) hold. Then we have
that for large n,

ol
> mi0,(y50, — 700,50,

85 /6:/602 J€O,
= X,’u,MW(YmZ — Ilp,,) = O(\/neloglogng),  (24)
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and
0< Z {f(h(m;’,OZﬁw); Y5,0¢5 mjvoe) - f(h(w;,ogﬁoz)Q Y35,04> m]}Oe)}
J€O,
= O(loglogny), (25)

where Yy, = (yey, - -, Ye,,)" and Io,, = diag{me,,... 7, }.
See Qian and Field (2002) for the proof. In fact, (24) and (25) are
respectively the results of Lemma 2 and Theorem 2 in that paper.
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